In this paper we study coderivations on M c n (R), the coalgebra of n × n matrices over R. Proving M c n (R) is a coseparable coalgebra, we show that every coderivation on M c n (R) is inner. Using this, we demonstrate that if f is a coderivation on M c n (R) and {e ij } 1≤i,j≤n is the canonical R-basis of M n (R) then f (e ij ) = e kj . We also define an involution on M c n (R) which turns it into a * -coalgebra, and we inspect * -coderivations on M c n (R).
Introduction
A coalgebra (C, ∆, ε) over a field κ is a κ-vector space C together with the κ-linear maps ∆ : C −→ C ⊗ C, and ε : C −→ κ, called coproduct and counit, respectively, such that (I C ⊗ ∆)∆ = (∆ ⊗ I C )∆, and (I C ⊗ ε)∆ = (ε ⊗ I C )∆. The (n, n)-matrix coalgebra over R, is M n (R) with the coproduct and the counit, which are defined, respectively, by the rules e ij → A κ-linear map f : C −→ C on a coalgebra (C, ∆, ε) is called a coderivation if ∆f = (I C ⊗ f + f ⊗ I C )∆. The coderivation f is called an inner coderivation provided that there exists a γ ∈ C * such that f = (I C ⊗ γ − γ ⊗ I C )∆ (see [5] ). A coalgebra (C, ∆, ε) is called coseparable if there exists a κ-map τ : C ⊗C → κ such that (I C ⊗ τ )(∆ ⊗ I C ) = (τ ⊗ I C )(I C ⊗ ∆) and τ ∆ = ε. One can see a general definition of coderivations and coseparable coalgebras in the sense of comodules in [5] .
A * -coalgebra is a coalgebra (C, ∆, ε), where C is equipped with an involution such that ∆(c * ) = c * (1) ⊗ c * (2) , for all c ∈ C. For more examples of * -coalgebras see [9] .
In this paper, we show that M c n (R) is a coseparable coalgebra which implies that every coderivation on this space is inner. Using this, we demonstrate that if f is a coderivation on M c n (R) and {e ij } 1≤i,j≤n is the canonical R-basis of M n (R) then f (e ij ) = Then, defining a proper involution on M c n (R), we make it a * -coalgebra and we inspect the form of a * -coderivation on this * -coalgebra. Giving an example, we show that a coderivation on M c n (R) is not necessarily a * -coderivation in general.
Finally summary and conclusions will be presented , and we arise the open problem in the last section.
Preliminaries
Throughout the paper κ is a fixed field and I C denotes the identity mapping on C. Moreover, {e ij } 1≤i,j≤n is the canonical R-basis of M n (R), where M n (R) is the set of all n × n matrices over R. We also denote the Kronecker delta by δ ij which is defined to be 1 if i = j and to be 0 elsewhere. Recall that a coalgebra (C, ∆, ε) over a field κ is a κ-vector space C together with the κ-linear maps
When working with coalgebras, a certain notation for the coproduct simplifies the formulas considerably and has become quite popular. Given an element c of the coalgebra (C, ∆, ε), we know that there exist elements c 1,i and c 2,i in C such that ∆(c) = i c 1,i ⊗ c 2,i . In Sweedlers notation, this is abbreviated to
Here, the subscripts "(1)" and "(2)" indicate the order of the factors in the tensor product. Before moving any further we must have an understanding of tensor product of matrices. For the matrices A = (a ij ) 1≤i≤m,1≤j≤n and B = (b k ) 1≤ ≤p,1≤k≤q , the tensor product is 
The following example has an essential role in our discussion.
and the counit ε : M n (R) → R, respectively, by the rules e ij → k e ik ⊗ e kj and e ij → δ ij . The resulting coalgebra is called the (n, n)-matrix coalgebra over R, and we denote it by M c n (R).
The coderivation f is called an inner coderivation provided that there exists a γ ∈ C * such that f = (I C ⊗ γ − γ ⊗ I C )∆. Now we make some preparations that serve a very useful purpose and we present, without proof, those results of [5] which are necessary for our work. A coalgebra (C, ∆, ε) is called coseparable if there exists a κ-map τ : C ⊗ C → κ such that (I C ⊗ τ )(∆ ⊗ I C ) = (τ ⊗ I C )(I C ⊗ ∆) and τ ∆ = ε. Regarding to the facts mentioned in [5, 
The following statements concerning a coalgebra (C, ∆, ε) are equivalent i. the coalgebra C is coseparable;
ii. every coderivation on C is inner.
An involution on a real vector space A is a map * : A → A, a → a * , that is conjugate linear and involutive in the sense that (a+b) * = a * +b * , (λa) * = λa * , (a * ) * = a, for all a, b ∈ A and λ ∈ R. A real vector space with a fixed involution is called also a * -vector space. A linear map φ : A → B of * -vector spaces is * -linear if φ(a * ) = φ(a) * , for all a ∈ A. A * -coalgebra is a coalgebra (C, ∆, ε), where C equipped with an involution such that ∆(c
, for all c ∈ C.
Coderivations on Matrix Coalgebra
In this section we show that M c n (R) is a coseparable coalgebra and so every coderivation on M In order to characterize coderivations on M c n (R), it is enough to find coefficients of the matrix units in the matrix representation of f . Finding the zero coefficients is the first and the most important step. For this purpose, we prove that every coderivation on M c n (R) is inner and using the innerness property, we have the zero coefficients. Proof. Putting C = M c n (R), it is enough to define the maps ρ − , ρ
Attending Theorem 2.3, we have the following result. and for the other side we deduce There is a regular relation between the coefficients given by the equalities i-vi, recursively, where m , p , k , = 1, 2 and m 3 , p 3 are the numbers that satisfy the equality c k 1j
k 3 = 1, . . . , n and for each acceptable value of k 3 we have a distinct equality.
Proof. By Corollary 3.2, for every coderivation f on M c n (R), we may find γ ∈ M c n (R) * satisfying innerness condition of f . Using the fact κ ⊗ C = C ⊗ κ ∼ = C, for the coalgebra (C, ∆, ε) over the field κ, we can write , it is enough to check the equalities i-iii with i = j = 1, n = 4. We have ii. iii. . This is a short way to find the qualified relations in comparison with the direct way. We have computed coefficients for n = 2, 3, 4, directly, by checking the equality ( * ) separately for each n. After a long calculation, we have deduced a := c γ(e kj )e ik − γ(e ik )e kj , and by determination of f we have the expected γ. It is enough for γ to satisfy the following conditions. γ(e 11 ) = γ(e 33 ) = γ(e 44 ), γ(e 12 ) = −b, γ(e 13 ) = −g, γ(e 14 ) = −s, γ(e 21 ) = a, γ(e 22 ) − γ(e 11 ) = c, γ(e 23 ) = h, γ(e 24 ) = −t, γ(e 31 ) = d, γ(e 32 ) = −k, γ(e 34 ) = −v, γ(e 41 ) = r, γ(e 42 ) = u, γ(e 43 ) = w, where the letters have been defined above.
* -Coderivations on Matrix Coalgebra
In this section, we define an involution on M c n (R) that makes it a * -coalgebra, and we inspect the form of a * -coderivation on this * -coalgebra.
We equip the coalgebra M c n (R) with the involution given by e * ij = (−1) i+j e n+1−i,n+1−j .
We can see easily, this involution turns M c n (R) into a * -coalgebra. Let f be a coderivation on M c n (R). We can simplify the condition of f being a * -coderivation with the mentioned involution. We have for m, p = 1, . . . , n. Now let f be a * -coderivation on M c 2 (R). Checking the equality above, at first, for i = j = m = 1, p = 2, we get a = b and then for i = p = 1, j = m = 2, we get c = 0. So we obtain the following simple form for f .
f (e 11 ) = −f (e 22 ) = a(e 12 + e 21 ), f (e 12 ) = f (e 21 ) = a(−e 11 + e 22 ).
Similarly, if f is a * -coderivation on (M We see that the signs are not the same at two sides of the equality f (e * ij ) = f (e ij ) * , for even and odd values of i + j, and f is not a * -coderivation.
